The United States Postal Service (USPS) delivers more than 200 billion items per year. Transporting these items in a timely and cost-efficient way is a key issue if USPS is to meet its service and financial goals. The Highway Corridor Analytic Program (HCAP) is a tool that aids transportation analysts in identifying cost saving opportunities in the USPS surface transportation network. Use of this tool is resulting in millions of dollars of annual savings.
Introduction
The transportation network of the United States Postal Service (USPS) is extremely large and complex, and accordingly the transportation planning process is an important and challenging component of USPS Logistics. The Highway Corridor Analytic Program (HCAP) has recently been developed to assist in the transportation planning process. HCAP is an analytical model intended to aid transportation analysts in identifying cost savings opportunities within the USPS surface transportation network. The HCAP model is designed to solve the Vehicle Routing Problem with Pickups and Deliveries (VRP/PD), utilizing mixed integer programming as the underlying optimization engine. The HCAP model also incorporates a graphical user interface to facilitate the modeling process at USPS. HCAP was designed to use existing data sources so the HCAP model can be used for near-term identification of savings opportunities. The HCAP model has been fully developed and tested, and has been deployed to USPS transportation analysts in USPS Headquarters and in the regional Area offices. Many of the recommendations that have been developed from HCAP model results have been implemented, resulting in annual transportation savings of over $5 million already being realized at USPS during the early stages of HCAP deployment, with additional savings identified and currently under review.
Background
The USPS operates one of the largest and most complex logistics networks in the world, delivering more than 200 billion pieces of mail each year. The USPS surface transportation network is
Objectives
The HCAP model was developed to assist USPS in analyzing surface transportation routing and scheduling. The model serves as an analytical tool with which USPS can identify opportunities to reduce surface transportation costs while maintaining on-time delivery. The model is intended to be sufficiently flexible so USPS can apply it to a wide range of components of the USPS transportation network. For example, the HCAP model may be applied to problem sets that include BMCs, STCs, P&DCs, AMCs , and a variety of other transportation applications. The model could also be applied to individual geographic regions of the nation (e.g., all processing facilities in the northeast corridor), or the model could be applied to a single transportation network nationwide (e.g., all BMCs ), provided that the size of the network being considered is suitable for the HCAP model (see Section 4 for details).
Although the HCAP model is designed to be applicable to a wide variety of transportation networks, there is a standard problem definition that the model is designed to solve. Each problem must be defined by a set of delivery requirements among a set of facilities, and a set of transportation resources feasible to transport those deliveries. The HCAP model then optimizes the transportation of the given set of delivery requirements, considering the potential transportation options that can fulfill those delivery requirements. Therefore it is necessary to define, for each problem application, the specific delivery requirements and potential transportation options available. Delivery requirements may include both pickup and delivery requirements among a set of facilities, involving multiple types of mail with various service commitments.
The HCAP model is intended to optimize existing transportation; that is, the model identifies opportunities to modify existing USPS transportation to reduce costs. Although it is not intended as a means to completely self-generate new transportation networks, new transportation options can be considered by the model. For that purpose, it is possible to generate new transportation alternatives using heuristics or operational insights, and incorporate them as potential options that the HCAP model may select when optimizing the network. The solution to the HCAP model will then identify the optimal set of transportation resources based on all options provided as inputs into the model, including existing transportation and any new transportation alternatives provided.
Modeling and Solution Approach
The HCAP model is intended to optimize the use of a wide variety of components of the USPS transportation network. For that purpose, the HCAP model is designed to solve a Vehicle Routing Problem with Pickups and Deliveries (VRP/PD) model, a special instance of the more general Vehicle Routing Problem (VRP) model (see Bodin and Golden (1981) for a classification of various VRP problems). VRP models intend to identify the optimal plan for routing deliveries among facilities. The underlying structure of the model consists of three primary components that can be described as follows:
• Facilities: are the (generally physical) places in the transportation network. In the HCAP model, the locations represent the places at which mail pickups and deliveries occur. For example, these can be P&DC's, STCs, AMCs and BMCs .
• Deliveries: are the items to be delivered between facilities. In the HCAP model, the deliveries represent the volume of mail that requires transportation from an origin facility to a destination facility in a specific time window (i.e., the time between the moment the mail becomes available at the origin facility and the time the mail is required to be delivered at the destination facility). Each delivery may likely represent a specific mail class, having a certain service standard between the origin and destination (e.g., First Class 3-day mail from New York to San Francisco). Two different types of deliveries are considered in the HCAP model. Splitable deliveries are those whose associated volume can be divided into different parts for delivery. Conversely, Unsplitable deliveries are those whose associated volume cannot be divided into different parts for delivery.
• Trips: are the mechanisms (routes) for moving deliveries. In the HCAP model, the trips represent the different means that can be used to transport volume of mail from the origin facility to the destination facility within the required time window. Routes may be direct (from the origin directly to the destination), or multi-stop (stopping at one or more facilities en route from the origin to the destination). Each multi-stop route may pickup and/or deliver mail at any of the facilities along its path. The definition of a trip includes every aspect of the trip: the size (capacity) of the truck, the time at which it arrives and departs at each stop, and the cost of the trip. It is important to note that the trips are defined prior to using HCAP. The set of trips is based on the existing highway transportation network which is primarily contracted from independent contractors.
• Legs: Each trip consists of series of legs between consecutive facilities visited by the trip. Direct trips have only one leg, directly from the origin facility to the destination facility. Multi-stop trips have more than one leg, with each leg connecting two facilities along the route's path.
Due to the nature of the USPS business, facilities can serve as both origin facilities and destination facilities, and it is therefore possible (and almost always the case) that a single facility may need to both dispatch mail and receive mail. Accordingly, trips may include both pickups and deliveries along the trip, and thus the VRP/PD model is appropriate. Specifically, the HCAP VRP/PD model objective is to assign deliveries to trips such that:
• Assignment Constraints: The total volume of every delivery must be routed on one or (if the delivery is splitable) more of the trips in which the delivery can be routed; that is, the trips that can take the delivery from the delivery's origin facility to the delivery's destination facility during the delivery's time window.
• Capacity Constraints: For every leg of every trip, the total volume associated with the deliveries routed through a trip leg must be less than or equal to the leg's capacity; that is, the maximum volume that can be routed. In the HCAP model, the legs of a single trip are allowed to have different capacities. This allows the USPS to take into account in the model, the fact that, by choice, some volume of mail (not included as deliveries in the model) will be routed through some trip legs included in the model. For example, in a model of the southwest area, the modeler may desire to consider any excess capacity on trucks that start in the eastern area and pass through the southwest en-route to California. Mail volumes that originated in the eastern area should not be represented as deliveries within the model because they are outside the model scope (since this example is a southwest area model), but the excess capacity of trucks entering the southwest area could be modeled by using the capacity constraints at the leg level, to reflect that some of the capacity must carry the mail volumes that originate in the eastern area and are destined for various stops along the trip to California.
• Minimal Cost: The total cost of routing the deliveries on the available trips is minimized over all the feasible assignments of deliveries to trips; that is, that satisfy both the assignment and capacity constraints. This cost includes the fixed cost incurred for the use of any trip, and the variable cost incurred for routing the volume of the deliveries on particular legs of the trips.
The HCAP VRP/PD model can be mathematically formulated (see Appendix for details) as a Mixed Integer Program (cf. Nemhauser and Wolsey (1988) ). In this model, the key decisions to be made are whether to use or not use each trip, and how much of each delivery is to be placed on each accepted trip. This differs from many vehicle routing applications where the trips are not pre-defined. In such cases, models need to combine legs to create trips, which is a much more complicated process. The HCAP integer program is much closer to a facility location model (see, for instance, Drezner (1995) for a survey). This model is also very similar to the master problem in column generation models like that of M. Desrochers (1992) There are a number of methods for finding an optimal or near optimal solution for a VRP/PD model; for example, commercial routing software, routing-specific software libraries, heuristic approaches, and optimization software libraries. To choose among these methods, the following main requirements that the HCAP model was designed to fulfill, were used to evaluate the alternatives on a number of dimensions.
Solution time:
The HCAP model should produce optimal or near optimal solutions quickly. The metric used for speed is solution time within several minutes, or seconds for smaller problems; the goal for "near optimality" is within one percent or so of optimal.
2. Optimality: Solutions need to be optimal or near optimal. If not optimal, solutions should not have any "obvious" improvements.
3. Expandability: While initial efforts are aimed at problems with a few thousand trips, the model must be able, with further development, to handle millions of trips.
4. Flexibility: While the VRP/PD forms the core of the modeling approach, it is inevitable that there will be additional requirements on the model. For instance, after discussions with USPS, the feature of preferred trip for some of the deliveries was added to the original model; this means that if a particular trip, say trip A is used, then the deliveries that have trip A as their preferred trip, should be routed through that trip. This particular feature can be added to the model through additional constraints in the corresponding VRP/PD model. Therefore, the solution method must be able to handle a reasonably rich set of additional constraints. 5. Availability: Initial solutions for a representative model were desired within four months of the beginning of the project.
In view of these requirements, it was decided to use the optimization software library ILOG CPLEX to solve the HCAP VRP/PD model. The specific data needed to construct the HCAP VRP/PD model for any of the different components of the USPS transportation network is described in the following section.
HCAP Model Implementation
We now discuss in more detail how the HCAP model is implemented. In particular, we discuss the specific input data required to construct the HCAP model described in Section 4, and how this input data is obtained from the available USPS information. Similarly, we discuss the specific output data obtained from solving the HCAP model, and how this information is processed to leave it ready for analysis by USPS decision makers.
Preprocessing
There are many different ways in which the problem instance for the HCAP model can be defined. For example, the problem instance can be defined by a set of different mail processing centers that are geographically close to each other. Also, the problem instance can be defined by a single particular network such as the BMC network. Once the problem instance is identified, and prior to running the optimization model, it is necessary to transform the initial data into the data sets required as inputs for the optimization model. This preprocessing step involves analysis and cleansing of the data, and prepares the input data files according to the optimization model requirements for content, structure, and format. The data is thoroughly examined during preprocessing, and inaccuracies and inconsistencies are identified and corrected. The preprocessing step is a critical step in model development, as model input data directly impacts the model output results. This section briefly describes the preprocessing that is done for the information concerning the deliveries, and the trips considered in a particular instance.
• Deliveries: The goal of the deliveries preprocessing step is to identify the parameters necessary for defining a delivery, and output a standardized data set for use in the optimization model (cf. Section 5.2). In order to obtain all the parameters, data is pulled from USPS systems (e.g., the National Air and Surface System (NASS), the Transportation Information Management Evaluation System (TIMES), and the Transportation Contract Support System (TCSS); see http://www. usps.com/foia/majorsys/networkop1.htm for details) as well as manually collected from USPS Subject Matter Experts (SME). Figure 1 gives a summarized flow chart of the process done to complete the deliveries preprocessing.
• Trips: The goal of the trips preprocessing step is to identify the parameters necessary for defining a trip (cf. Section 5.2), and output a standardized data set for use in the optimization model. The trips can be either existing or newly created trips. In order to satisfy all the parameters, data is pulled from USPS systems (NASS, TIMES, and TCSS), as well as manually collected from USPS SMEs. Figure 2 gives a summarized flow chart of the process done to complete the trips preprocessing.
• Deliveries -Trips Crosswalk: Prior to running the optimization model, it is necessary to conduct a preprocessing step to identify which trips are feasible for which deliveries. This is completed for each individual delivery, to identify the specific trips that are viable options from which the optimization can choose to transport that delivery. A trip is deemed feasible if it departs the origin facility at or after the delivery's available time and arrives at the required destination facility at or before the delivery's required time. 00(0), pp. 000-000, c 0000 INFORMS Figure 1 Delivery Preprocessing Flow Chart:
1. Identify deliveries in NASS for the facilities in problem instance.
2. Determine best (most aggresive) service standard for each delivery using the service standards dataset.
5. Determine available time and required time for each delivery.
3. Eliminate deliveries with best service of 1 day, to keep overnight network intact.
6. Query TCSS plates to determine size of truck for each delivery.
4. Determine clearance times and critical entry times, using NASS and USPS SMEs. 3. Determine all combinations of origin and destinations that can be served by each trip.
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5. Delete new trips that do not fall within facilities' operating windows.
Optimization Model Inputs
As previously discussed, the three underlying components of the HCAP model structure are facilities, deliveries (i.e., mail volumes between pairs of facilities), and trips among the facilities. The optimization model (cf. Section 4) requires the following specific inputs to define an instance of the HCAP model.
• List of facilities: The facility list identifies all facilities that will be included in the analysis. The HCAP model can handle many different types of facilities, such as PDCs, BMCs, PMPCs, AMCs, STCs, major mailers, and others. The set of facilities included within a single analysis, however, should be selectively chosen such that it represents a logical component of a transportation network. In other words, the pickup and delivery relationships between all facilities in the facility list should make sense, and the inter-relationships among facilities should be well-defined. Depending on the nature of the transportation network, each facility may serve as an origin facility, a destination facility, or both. The characteristics that differentiate between origin and destination facilities are specified in the data inputs for deliveries between facility pairs.
• List of deliveries between facility pairs: The HCAP model optimizes the selection of trips among facilities to minimize the total transportation costs while meeting all delivery requirements. Each delivery is defined as a specific volume of mail that requires transport from an origin facility to a destination facility. The following characteristics of the deliveries are used in the HCAP model:
-The origin facility (the location at which the mail is to be picked up).
-The time at which the mail is available at the origin facility.
-The destination facility (the location to which the delivery must be delivered).
-The time at which the delivery is required at the destination facility.
-The volume of the delivery. -Whether or not the delivery is splitable (cf. the deliveries item in Section 4).
Notice that, in practice, different mail classes may have different available times or different delivery time requirements. In that case, separate deliveries may be defined for each mail class. For example, for the mail going from a single origin facility to a single destination facility one may define different deliveries for First Class mail, Priority mail, Standard mail, and Packaged Services mail. However, it may be possible (and preferable) to combine multiple mail classes into a single delivery in cases where they share the same availability time and the same required delivery time for a specific origin-destination pair.
• Feasible trips among facilities: Each delivery specifies a volume of mail that must be transported from a specific origin facility to a specific destination facility, within a certain time window. For each delivery, there are certain existing trips and a potential number of new (but defined) trips that could transport the mail from the origin facility to the destination facility. These trips may travel directly from the origin to the destination (i.e., a one leg trip), or they could stop at one or more other facilities along the way (i.e., a trip with various legs). For each delivery, a set of feasible trips must be specified; that is, the set of all possible trips in which the delivery can be transported from the origin to the destination within the delivery's time window. For each of these feasible trips, the following characteristics must be provided: -The origin facility. -The destination facility. -All stops (i.e., legs) along the trip between origin and destination. -The transportation capacity on each leg along the trip. -The fixed transportation cost of the trip. -The variable transportation cost (i.e., cost per unit of volume) on each leg along the trip.
Trips generally will have the same capacity on all legs along the trip, as the truck size will remain unchanged. However, as previously discussed (see Capacity Constraints item in Section 4), different leg capacities might be used to take into account mail deliveries (not in the model) that have been already assigned to some of the trip legs. Variable cost may also be the same on all legs along the trip, or variable cost may often be zero if the cost structure is such that the trip incurs a single fixed cost (possibly based on mileage of the trip) for utilizing the trip.
Solution of HCAP VRP/PD model
A C++ program was developed that reads the information in the optimization model inputs to construct the HCAP VRP/PD MIP (cf. Section 4) such that it can be solved by the CPLEX optimization library. This code also generates the relevant optimization model outputs from the CPLEX solution information. 00(0), pp. 000-000, c 0000 INFORMS
Optimization Model Outputs and Postprocessing
The optimization model identifies the optimal set of trips that can satisfy all delivery requirements. The output from the optimization model is therefore the subset of trips that should be utilized in an optimized scenario, and the optimal assignment of each delivery to the appropriate trip(s). The optimization model also returns the total transportation cost for the optimal assignment. The HCAP model post-processes this raw output information to produce several final reports for the analysis of USPS decision makers. In addition to the optimization model inputs and outputs, mapping files are used to associate the deliveries and trips with NASS specific information and to link the deliveries to their assigned trips.
• Cost Summary Report: The Cost Summary Report summarizes the potential cost savings that USPS could realize by implementing the optimized trip recommendations identified by the HCAP model. These cost savings represent the potential annual decrease in transportation costs for the set of transportation modeled, resulting from trip consolidation opportunities. A sample Cost Summary Report is provided in Figure 3 . In particular, this report presents the annual transportation costs associated with the baseline scenario, the annual costs associated with the optimized set of transportation, and the corresponding annual savings that could be attained by implementing the model recommendations. The indemnity cost is the penalty that USPS would have to pay for early termination of established contracts; this penalty is considered within the HCAP optimization when identifying the optimal solution. The Estimated First Year Savings represents the expected annual savings considering any penalty costs for indemnity.
• Operational Summary Report: The Operational Summary Report presents information about the number of trips included in the scenario. This report shows the number of trips in the scenario, the number of trips recommended for elimination (by consolidating their mail volumes onto other trips) and the number of remaining trips that have mail added to them (from the eliminated trips). Sample information from this report is provided in Figure 4 .
Similar to the Cost Summary Report, these numbers are calculated by comparing the trips in the baseline set with the trips in the optimization results, to determine the number of trips that could be eliminated through consolidation opportunities. • Utilization Summary Report: The Utilization Summary Report displays the change in average trip utilization that would result by implementing the optimization results. Increased utilization is typically desirable, since low utilization often indicates excess capacity that is paid for but is not being used to transport mail volumes. By consolidating mail onto fewer trips through optimization the average utilization on the trucks being used typically increases, and this report presents that information. A sample Utilization Summary Report is provided in Figure 5 . The calculation for Original Average Utilization in this report is based on dividing the mail volumes on current (baseline) trucks into the capacities of those trucks, and the New Potential Average Utilization is calculated for the optimized set of trucks, similarly, by dividing the assigned volumes by capacities for that optimal set of trucks.
• Operational Detail Report: While the summary reports present information about overall statistics such as potential annual costs savings, trip elimination counts, and average utilization improvement percentages, the Operational Detail Report details how the transportation specialists would actually implement the results recommended by the optimization output. This report displays each existing truck (from the baseline) side-by-side with the optimal assignment (i.e., how 00(0), pp. 000-000, c 0000 INFORMS specifically the mail that is currently being transported on that truck should be transported within the optimized condition). In many cases, the current truck remains within the optimized set and the optimal recommendation is merely to continue transporting that truck's volume on that truck. In other cases, the truck can be eliminated and its mail can be consolidated onto another truck that has excess capacity, in which case the new truck assignment is indicated in the right side of the report, replacing the existing truck that is presented in the left side. Sample information from a subset of the Operational Detail Report is provided in Figure 6 1 . (For purposes of displaying the report information here, the report is reformatted such that the current trip is displayed in gray and the recommended trip is displayed in white below the current trip, rather than to the right of the current trip. The consolidation opportunities are highlighted with arrows in this figure.) Figure 6 Sample Operational Detail Report (formatted for display purposes) In the particular report shown in Figure 6 , the optimization identified the opportunity to consolidate Trip #105 of Contract 923A6 onto Trip #604 of Contract 900Q7. Elimination of that trip would save the annual cost of $57,571 (minus any applicable indemnity penalty).
Results
HCAP has been fully developed and tested, and has been deployed to transportation analysts at USPS Headquarters and in the USPS Area offices. These transportation analysts are currently using HCAP to optimize transportation subsets throughout the U.S. to identify cost savings opportunities. Each analyst is provided the flexibility within the HCAP model to define specific scenarios of interest, set the business constraints and model parameters, and analyze the results to develop recommendations for implementation. Several sample HCAP scenarios have already been completed at USPS Headquarters and in the Area offices, and many of the recommendations from those scenarios have been implemented or are in the process of being implemented.
USPS Headquarters, the Pacific Area office, and IBM worked together during HCAP development to model the Pacific Area transportation network including transportation among P&DCs, BMCs, AMCs, and STCs. Many of the recommendations from this model run have already been implemented, resulting in approximately $3.7 million annual savings to-date. These savings represent 24% of the cost of transportation that was eligible for elimination within the optimization model run. (In each model run, a portion of the trips are eligible for elimination and the rest are not. Eligibility depends on trip data availability and user-specified parameters.)
A separate scenario was developed for inbound and outbound transportation at an STC in the Midwest. The implementation of recommendations from that model run has resulted in approximately $1.3 million annual savings to-date. The HCAP model was also recently used in the Eastern Area, as HCAP was adapted to model local transportation at a North Carolina P&DC and was used to model STC transportation in Pennsylvania. HCAP was responsible for helping identify approximately $400,000 annual savings in those efforts. Several other scenarios are currently in development at various other Area offices as well as at USPS Headquarters. In these scenarios, transportation analysts are exploring many different applications of the HCAP model, including using HCAP for renewal period to identify which trips should be renewed and which trips may be consolidated with other trips, planning for the holiday peak season, and helping identify alternative solutions in STC transportation planning.
Conclusion
USPS operates an extremely large and complex transportation network and, accordingly, transportation planning is a critical yet challenging facet of USPS Logistics. USPS is proactively developing a comprehensive set of analytic capabilities using advanced modeling techniques, to assist in the transportation planning process. HCAP is an optimization model that USPS and IBM designed and developed to identify savings opportunities in USPS highway transportation. The HCAP model has been fully developed, tested, and deployed to transportation analysts at USPS Headquarters and in the regional Area offices. HCAP has been used to model many different subsets of USPS highway transportation, and many of the model results have been implemented, resulting in annual savings already being realized by USPS.
Appendix. Mathematical Formulation of the USPS HCAP problem
The HCAP mathematical programming formulation uses the following basic model variables and parameters:
Index Sets
I set of all deliveries, R set of all trips, K r set of all legs on trip r ∈ R, U set of all unsplitable deliveries (i.e., deliveries that have to be routed on a single trip).
Parameters
V i volume of delivery i ∈ I, F r fixed cost for using trip r ∈ R, C rk cost per unit of volume routed on leg k ∈ K r of trip r ∈ R, S rk capacity (in units of volume) of leg k ∈ K r of trip r ∈ R, A ir 1 if delivery i ∈ I can be routed on trip r ∈ R, 0 otherwise, B irk 1 if A ir = 1 and delivery i ∈ I uses leg k ∈ K r of trip r ∈ R when routed on trip r, 0 otherwise.
Variables 00(0), pp. 000-000, c 0000 INFORMS y r 1 if trip r ∈ R is used, 0 otherwise, x ir proportion of delivery's i ∈ I volume that is routed using trip r ∈ R.
Basic MIP formulation
The objective of this MIP formulation is to minimize the total cost of routing the deliveries on the available trips. This cost includes the fixed cost incurred for the use of any trip, and the variable cost incurred for routing the volume of the deliveries on particular legs of the trips. Constraint (C.1) ensures that 100% of every delivery's volume is routed on one or (if the delivery is not unsplitable) more of the trips in which the delivery can be routed. Constraint (C.2) ensures that the total volume routed on all legs of the used trips (i.e., when y r = 1) is less than or equal to the capacity of the legs. The right hand side of (C.2) makes the capacity of legs in unused trips (i.e., when y r = 0) equal to zero. The multiplication of the leg capacities by the trip variables in the right hand side of (C.2) is simply done to strengthen the MIP formulation of the problem. Constraint (C.3) ensures that deliveries (or percentages of deliveries) are routed only on used trips.
Strenghtening constraints
In order to further strengthen this MIP formulation, two major types of constraints are incorporated to the formulation:
1. Symmetry breaking constraints: To construct the MIP formulation (1), it is necessary to generate the trips in advance (as opposed to other vehicle routing applications that generate trips as needed, like that of M. Desrochers (1992) ). Given that it is unclear exactly what trips are needed in the formulation, it is likely that multiple, similar trips will be added to the formulation. These trips can hopelessly slow down a MIP solver by burdening it to explore and eliminate many alternative equivalent solutions, so-called symmetric solutions (cf. Sherali and Smith (2001) ). To avoid this problem, we rank trips as follows: Consider two specific trips; for example, trip A and trip B. If (a) the fixed cost of trip A is less than or equal to the fixed cost of trip B, and (b) the variable cost (per unit of volume routed) of each leg of trip A is less than or equal to the variable cost of trip B, and (c) the set of deliveries that can be routed on trip B is a subset of those that can be routed on trip A, then it is considered that trip A dominates trip B. If trip A dominates trip B, and trip B dominates trip A, then trips A and B are equivalent. If trip A dominates trip B, we can add the constraint y A ≥ y B to the basic MIP formulation of the problem (1) without deleting any optimal solutions. In doing so, we remove the symmetry between trip A and trip B, making the solution process much more efficient. If trips A and B are equivalent, we can break the tie arbitrarily, as long as it is done consistently. In practice we break ties in order of appearance in the input data file.
2. Knapsack constraints: Consider any set of deliveries D ⊆ I. Let R(D) be the set of trips in which at least one of the deliveries in D can be routed. For each trip r in R(D), let S * r be the maximum capacity of any leg of trip r that can be used by a delivery in D. Then, the knapsack constraint (cf. Nemhauser and Wolsey (1988)) r∈R (D) S * r y r ≥ i∈D V i is a valid constraint for this problem. As given, this constraint does not strengthen the formulation. However, modern integer programming optimizers recognize the form of this constraint and are able to add cover inequalities (cf. Nemhauser and Wolsey (1988) ) and other constraints to strengthen the integer program. These redundant constraints generally create models that are easier to solve (see, e.g., Aardal (1998) ). There are a number of choices to construct sets D; for example D can be the set of all deliveries that have the same origin and destination. In practice, we add a knapsack constraint to the basic MIP formulation of the problem (1) for every set D corresponding to a pair of origin-destination in the problem. The computational testing we did confirms the findings of Aardal (1998) : it is the addition of these seemingly redundant constraints that is key to the effective solution to this model.
